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2 P-GROUPS HAVING A UNIQUE PROPER NON-TRIVIAL CHARACTERISTIC SUBGROUP 

1. Introduction 

Taunt [Tau55] considered groups having precisely three characteristic subgroups. As 
such groups have a unique proper non-trivial characteristic subgroup, he called these 
UCS-groups. He gave necessary, but not sufficient, conditions for the direct power of a 
UCS-group to be a UCS-group. Taunt discussed solvable UCS-groups in [Tau55], and 
promised a forthcoming paper describing the structure of UCS p-groups. However, his 
article on UCS p-groups was never written. The present paper is devoted to the study of 
these groups. 

In our experience UCS j9-groups are rather elusive, and it is unlikely that a general 
classification could be given. However, the study of these groups does lead to the 
exploration of very interesting problems in representation theory, and some interesting, 
sometimes even surprising, theorems can be proved. 

The main results of this paper can be summarized as follows. 

Theorem 1. Let G be a non-ahelian UCS p-group where \G/^{G)\ = p^ . 

(a) If r = 2, then G belongs to a unique isomorphism class. 

(b) Ifr = 3, then G belongs to a unique isomorphism class if p = 2, and to one of two 
distinct isomorphism classes if p > 2. 

(c) If r = 4 and either p = 2 or G has exponent p, then G belongs to one of eight 
distinct isomorphism classes. 

(d) Suppose that r = 4 and G has exponent p^ . Then p 7^ 5. Further, if p = ±1 
(mod 5) then G belongs to a unique isomorphism class; while if p = ±2 (mod 5) 
then G belongs to one of two distinct isomorphism classes. 

(e) Letp be an odd prime, and let k be a positive integer. Then there exist non-abelian 
exponent-p^ UCS-groups 

(i) of order p^^ for all p and k; 
(ii) of order p^^ if and only if p^ = 1 (mod 11); 
(iii) of order p^'^^ for all p and k. 

Parts (a) and (b) of Theorem 1 follow from Theorem 8, while part (c) follows from 
Theorems 10 and 11. Part (d) is verified in Theorem 20 and the proof of (e) can be found 
at the end of Section 7. 

As UCS p-groups have precisely three characteristic subgroups, they must have expo- 
nent p or p^. Abelian UCS p-groups are all of the form {Cp2y where j9 is a prime. Non- 
abelian UCS p-groups with exponent p are quite common, and so we could investigate 
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them only for small generator number (at most 4). However, it seems that non-abelian 
UCS p-groups with exponent p^ are less common, and we could even prove that for certain 
choices of the pair (p, r) in Theorem 1 they do not exist. For instance Theorem 1(d) implies 
that there is no non-abelian UCS 5-group with 4 generators and exponent 25. In both 
cases, the study of such groups leads to challenging problems in representation theory. A 
well-written introduction to p-groups of Frattini length 2 can be found in [GQ06]. 

Let p be an odd prime, and let G be a non-abelian r-generator UCS p-group with 
exponent p. Then G has the form H/N where H is the r-generator, free group with 
exponent p and nilpotency class 2, and A^ is a proper subgroup of H' . The groups H/ H' 
and H' are elementary abelian, and so they can be considered as vector spaces over 
Fp. Moreover, the group GLr(p) acts on H /H' in the natural action, and on H' in the 
exterior square action. It is proved in Theorem 6 that G is UCS if and only if the (setwise) 
stabilizer K := GLr{p)N is irreducible on both H/H' and H'/N. Further, an irreducible 
subgroup K ^ GLj.{p) and an irreducible A'-factor module H'/N lead to a UCS p-group 
with exponent p (Theorem 7). Thus the investigation of the class of UCS p-groups with 
exponent p is reduced to the study of irreducible subgroups K of GLr{p) and the maximal 
-fT-submodules of the exterior square A^(Fp)^. 

The study of UCS 2-groups poses different problems than the odd case. In this paper 
we concentrate on UCS groups of odd order, and prove only a few results about UCS 
2-groups. 

A non-abelian UCS p-group G with odd order and exponent p'^, is a powerful p-gronp 
(i.e. G^ ^ G'). Moreover, G has the form H/N where H is the r-generator free group 
with p-class 2 and exponent p'^ and A^ is a subgroup of ^{H). As above, GLr{p) acts 
on H/^{H) in the natural action and ^{H) = H^ © H' can also be viewed as a GLr{p)- 
module. The commutator subgroup G' is isomorphic to H' /{H' fl A^) and, as G has one 
proper non-trivial characteristic subgroup, G' must coincide with G^. On the other hand, 
as the p-th power map x t— )■ x^ is a homomorphism, the GLj.{p)n actions on H/^{H) and 
on H'/{H'r\N) must be equivalent. Further GLj.{p)n niust be irreducible on both H/^{H) 
and H'/{H' fl A^) (see Theorem 6 for the proof of the last two assertions). Therefore we 
found an irreducible subgroup K of GLr{p) and a maximal A'-submodule A^ in A^(Fp)'" 
such that A^(Fp)''/A^ is equivalent to the natural module of K. Conversely, such a group 
K and a submodule A^ lead to a UCS p-group with exponent p"^ (see Theorem 7). Thus 
UCS p-groups with odd exponent p^ give rise to irreducible modules that are isomorphic 
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to a quotient of the exterior square. We call these exterior self-quotient modules (or 
ESQ-modules). We are planning to write a paper devoted to the study of ESQ- modules. 

In Sections 4 and 6, UCS p-groups with exponent p and generator number at most 4 
are studied. We achieve a complete classification of 2- and 3-generator UCS p-groups and, 
for odd p, a complete classification of 4-generator UCS p-groups with exponent p. These 
classifications are made possible in these cases by our knowledge of the GLj.(p)-module 
W = A'^{¥pY. If r = 2 then W^ is a 1-dimensional module and our problem is trivial. If 
r = 3, then W is equivalent to the dual of the natural module and the classification of UCS 
p-groups with exponent p is straightforward also in this case. However, the classification 
of 3-generator UCS p-groups with exponent p"^ is already non-trivial. The fact that there 
is, up to isomorphism, precisely one 3-generator UCS p-group with exponent p'^ is a 
consequence of the fact that the stabilizer in the general linear group GLsd?) of a certain 
3-dimensional subspace of (Fp)^ is the special orthogonal group SOad?) (see Lemma 9). 

When r = 4, the Klein correspondence makes it possible to obtain the necessary 
information about the GLr(p)-module W. In this case GL,.(p) preserves (up to scalar 
multiples) a quadratic form on W. A p-group with exponent p corresponds to a subspace 
iV of W^ as explained above. These observations and the classification of p-groups with 
order dividing p"^ (see [NOVL04, OVL05]) enables us to classify 4-generator UCS p-groups 
with exponent p. We found it surprising that N leads to a UCS p-group if and only if 
the restriction of the quadratic form to N is non-degenerate. The details are presented 
in Section 6. A brief classification of 4-generator UCS 2-groups is given in Section 5. 

Section 7 focusses on the construction of exterior self-quotient (ESQ) modules for 
dimensions at most 5. As remarked above, this is directly related to the construction 
of UCS p-groups with odd exponent p^. Our results for exponent-p^ UCS groups are 
summarized in Theorem l(d,e), and proved in Section 7. Theorems 18, 19 are concerned 
with the structure of ESQ-modules in dimensions 4 and 5, and are of independent interest. 



2. p-GROUPS WITH PRECISELY 3 CHARACTERISTIC SUBGROUPS 

We shall focus henceforth on the structure of a p-group G with precisely three charac- 
teristic subgroups. In such a group the Frattini subgroup $(G) is non-trivial, otherwise 
G is elementary abelian and characteristically simple. Therefore the non-trivial, proper 
characteristic subgroup of G is $(G). 
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Let p be a prime number. The lower p- central series of a group H (which may not be 
a j9-group) is defined as follows: A?(iJ) = H, and Af(iy) = [Af_i(i7), /7](Ati(iJ))P for 
1^2. For a finite p-group G, the subgroup Af(G) is denoted by Aj(G'). The term \2{G) 
coincides with ^{G). The p-class of a finite p-group G is defined as the smallest integer 
c such that Xc+i{G) = 1. Clearly, terms of the lower p-central series of a finite j9-group G 
are characteristic, and G has p-class 1 if and only if G is elementary abelian. This simple 
observation leads to the following lemma. 

Lemma 2. The p-class of a UCS p- group is precisely 2. 

A UCS p-group can be written as a quotient of a suitable free group which we now 
describe. Let p be a prime, and let r be a positive integer. Let Fr denote the free group 
with rank r, and set 

The group Hpr is an r-generator free group in the variety of groups with p-class 2. Since 
\^{Hp^r) = 1, we have that Hp^r is an r-generator nilpotent group whose exponent divides 
p^, and so Hpr is a finite p-group. The quotient Hp^r/^{Hp^r) is elementary abelian with 
rank r. As \^{Hpr) = [^{Hp^r),Hp^r]^{Hpry = 1, the subgroup ^{Hpr) is elementary 
abelian and central. Assume that the elements Xi, . . . ,Xr form a minimal generating set 
for Hp^r- The Frattini subgroup ^{Hp^r) is minimally generated by the elements x^ and 
[a;j,a;fe] with i, j, k G {1, ■ ■ ■ ,r} and j < k. Thus ^{Hp^r) has rank r{r — l)/2 -|- r. In 
2-groups, the subgroup generated by the squares contains the commutator subgroup, so 
$(i72,r) = (^2,r)^- On the other hand, if p ^ 3, then ^(Hp^r) = (Hp^r)' © (^p,r)^- In this 
case, the commutators [xj,^^] with j < k form a minimal generating set for (Hp^r)', while 
the p-th powers xf form a minimal generating set for [Hp^j-Y. Thus (Hp^r)' and {Hp^^Y 
are elementary abelian with ranks r{r — l)/2 and r, respectively. 

When investigating UCS p-groups G, by the following lemma, we may conveniently 
assume that G is of the form Hp^r/N where A^ ^ ^{Hpr). The proof of the following 
lemma is straightforward. 

Lemma 3. Let p be a prime, let G be an r-generator UCS p-group, and let Hpr be the 
group above. Suppose that {xi, . . . ,Xr} and {yi, . . . ,yr} are minimal generating sets of 
Hp^r (ind G, respectively. Then the mapping Xi t— )■ y^, for i G {1, . . . ,r}, can uniquely be 
extended to an epimorphism ip : Hp^ — )■ G. Further, the kernel of ip lies in ^{Hp^). 
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Now we introduce some notation that will be used in the rest of the paper. If L is a group 
that acts on a vector space V, then L^ denotes the image of L under this action. Hence 
L^ ^ GL(y). The stabilizer in L of an object X is denoted by Lx- If G is a p-group, 
then G denotes G/^{G). If G is a UCS p-group, then $(G) and G can be considered as 
Fp-vector spaces. We shall consider the linear groups Aut(G)**-'^'' and Aut(G')'^. 

Set H = Hpr- The subgroup ^{H) can be viewed as a GL(/J)-module as follows. Recall 
that H = Fr/Xl{Fr) and ^H) = Af(F,)/A^(F,). Let g G GL(F,/A^(F,)) and x, y e F,. 
Set {x'^\^{Fr))g = x^\^{Fr) and {[x,y]\^{Fr))g = [x,y]\^{Fr) where x and y are chosen so 
that {xXl{Fr))g = xXl{Fr) and {yXl{Fr))g = y\l{Fr). It is proved in [O'B90, Lemma 2.6] 
that this rule defines a unique linear transformation on ^{H) corresponding to g. 

The following lemma describes the structure of the GL(iJ)-module ^{H); see for 
instance the argument on page 26 in [IIig60]. 

Lemma 4. Let p be a prime, let r be an integer, and set H = Hpr- The subgroup 
H' IS a GL(H)-submodule of ^{H) and <^{H)/H' = H as GL(H) -modules. If p ^ 3, 
then ^{H) = H' (B H^ is a direct sum of GL{H) -modules. In particular, H = H^ as 
GIj{H) -modules if p ^ 3. 

Next we give a description of the automorphism group of G following [O'B90, Theo- 
rem 2.10]. If G is of the form Hp^r/N, with some A^ ^ ^{Hp^r) then the spaces Hp^r and 
G can naturally be identified, and this fact is exploited in the following lemma. 

Lemma 5. Let p be a prime, let r be an integer, and set H = Hp^r- Let N be a subgroup 
of ^{H), and set G = H/N. Identifying G and H, we obtain that 

Ant{Gf = GL(H)N and Ant{Gf^^^ = {GL(H)Nf^"^^^. 

Further, the kernel K of the Aut{G)- action on G is an elementary abelian p- group of 
order |$(G)|'', and K acts trivially on $(G). 

Lemma 5 enables us to characterize UCS p-groups. 

Theorem 6. Let p be a prime, let r be an integer, set H = Hp^,., and let G = H/N where 
N ^ ^{H). Then the following are equivalent: 

(a) G is a UCS p-group; 

(b) both Aut(G')*^ and Aut(G')**-'^'' are irreducible; 

(c) both GL{H)n and {GL{H)Nf^^'>/^ are irreducible. 
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Further, ifp is odd and G is a UCS p-group, then precisely one of the following must hold: 

(i) N = H' and G is abelian; 
(ii) H^ ^ N and G is non-abelian of exponent p; 

(iii) NnH^ = 1, H and H' /{NnH') are equivalent GL{H)]^ -modules, G is non-abelian 
of exponent p^ , and \G\ = p^"^ . 

Proof. Assertions (b) and (c) are equivalent by Lemma 5. We now prove that (a) and (b) 
are equivalent. The following two observations show that (a) implies (b). First, inverse 
images of Aut(G')*^-sub modules of G correspond bijectively to characteristic subgroups 
of G containing $(G'). Second, Aut(G')**^'^^-submodules of $(G) correspond bijectively 
to characteristic subgroups of G contained in ^{G). Assume now that (b) holds and 
that L is a characteristic subgroup of G. As L$(G') is characteristic, it follows from the 
observation above that L^{G) equals ^{G) or G. In the latter case, L = G as ^{G) 
comprises the set of elements of G that can be omitted from generating sets. In the 
former case L$(G') = ^{G) and L ^ ^{G). It follows from (b) that L equals 1 or $(G). 
Thus (b) implies (a). 

We now prove the second statement of the theorem. Suppose that G is a UCS p- 
group, where p is odd. Suppose additionally that G is abelian. Then H' ^ A^. Now 
H/H' = {GpiY is homocyclic of rank r and exponent p"^. As in a UCS p-group the 
subgroups G^ and {g E G \ g^ = 1} coincide, we obtain that N = H' and (i) holds. 
Suppose now that G is non-abelian. By Lemma 4, H'N is invariant under GL{H)n. By 
Lemma 5, Aut(G)*('^) = (GL(^)7v)*(^)/^, which shows that H'N/N is characteristic in 
G. Thus H'N equals ^{H) or A^. As G is non-abelian H'N = $(/J) holds. As p is odd. 
Lemma 4 implies that H^ is invariant under GL(if), and so H^ fl A^ must be invariant 
under GL(i^)Ar. On the other hand, the first part of Theorem 6 shows that GL{H)n 
is irreducible on H, and so, by Lemma 4, also on H^. Thus either A^ fl H^ = H^ or 
A^ n H^ = 1. In the former case H^ ^ A^, and case (ii) holds. In the latter case, we shall 
show below that case (iii) holds. 

Suppose now that H'N = ^{H), N fl H^ = 1 and p is odd. As H^ is invariant under 
GL{H) (see Lemma 4), NH^/N must be invariant under GL(iJ)jv Thus Lemma 5 implies 
that NH^/N is characteristic in G. Hence NH^ = ^{H). As NdH^ = 1, we obtain the 
following isomorphisms between GL(iJ)Ar-modules: 

HP HPN ^(H) H'N H' 

TTP c^ C:^ ^ ^ C^ 

~ Nr\Hp ~ N ~ N ~ ^\r ~ Nr\H'' 
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By Lemma 4, Rp = H, as GL(^)-modules, so H and H'/{NnH') are equivalent GL(H)n- 
modules. It follows from the above displayed equation that |A^| = \H'\ = p^^^^'^y^^ and 
hence that \G\ =p'^^. Thus case (iii) holds. D 



3. The existence of UCS ^-groups 

In this section we study the question whether UCS p-groups exist with given parameters. 
We find that the existence of UCS p-groups is equivalent to the existence of certain 
irreducible linear groups. 

Let H = Hpr for some prime p and integer r as above. Note that the GL(iJ)-action on 
H' is equivalent to the exterior square of the natural action. If p is an odd prime and G 
is an r-generator UCS p-group with exponent p, then G is non-abelian and has the form 
H/N where H^ ^ N < ^{H). Theorem 6 implies that GL(i7)jv must be irreducible on 
H and also on ^{H)/N. As H' ^ A^, we obtain that 

$(//) H'N _ H' 



N N H'nN 

Denote G by V. The argument above shows that an exponent-p UCS p-group G gives 
rise to an irreducible linear group K := Aut(G)'^ acting on V, and a maximal A'-module 
M of AV. 

The structure of UCS p-groups with exponent p^ is, by Theorem 6 (iii), intimately 
related to the following (apparently new) concept in representation theory. 

Definition. An FG-module V is called an exterior self-quotient module, briefly an ESQ- 
module, if there is an FG-submodule U of A'^V such that {A'^V)/U is isomorphic to V. If 
G acts faithfully on V, we call G an ESQ-suhgroup of GL(V), or simply an ESQ-group. 

By Theorem 6, Aut(G')'^ is an irreducible ESQ-group when G is a non-abelian UCS p- 
group of exponent p"^ for odd p. In Section 7 we study exterior self-quotient modules, where 
it is natural to consider fields other than ¥p. When we consider necessary conditions for 
the existence of UCS p-groups then we usually work over a finite prime field F^; however, 
for sufficient conditions, working over arbitrary (finite) fields is most natural. 

Suppose that V is a d- dimensional vector space over a field Fg where q = p^ for some 
prime p and integer k. We may consider V as a vector space over the prime field Fp 
and also over the larger field F^. Thus we may take the exterior squares A| V and A| V 
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over ¥p and F^, respectively. There is an Fp-linear map e : Af V ^ A"^ V satisfying 



e{u Av) = u Av ioT all u,v E V. 

Theorem 7. Let p be an odd prime, let r and s be integers. 

(a) The following two assertions are equivalent. 

(al) There exists a UCS p-group G with exponent p such that \G\ = p^ and |$(G')| = p"^ . 
(a2) There exists an irreducible linear group K acting on a vector space V over ¥pk, for 

some k, such that dimy = r/k and AlV has a maximal W^kK-submodule with 

codimension sjk. 

(b) The following two assertions are equivalent. 

(bl) There exists a UCS p-group G with exponent p'^ such that \G\ = p^ . 
(b2) There exists an irreducible ESQ-module V over a field ¥pk such that dim V = r/k, 
and V can not be written over any proper subfields of ¥pk . 

Proof, (a) Assume (al) is true, and G is an exponent-p UCS-group. Then by Theorem 6 
Aut(G')'^ is an irreducible linear group, so (a2) is true with k = 1. Assume now that (a2) 
holds and set q = p^. Let f/ be a maximal Fgfi'-submodule of A^ V of codimension s/k. 
Let e denote the epimorphism A^ V -^ A^ V. Let Z denote the group of the non-zero 
scalar transformations {XI \ A G F^ } of V. Then Z commutes with K and so one can form 
the subgroup ZK. Since K is irreducible on V over Fg and the action of F^ on V is realized 
by Z, we find that ZK is irreducible on V over ¥p. We claim that ZK is irreducible on 
A^ V/U over ¥p. Note that the element XI E Z induces the scalar transformation X^I 
on A^ V/U. Since these transformations generate the Fp-algebra {XI \ X G F^} of all 
scalar transformations of A^ V/U, we obtain that an ¥pZ K-suhmodule of A^ V/U is also 
an FgZi^-submodule. Since K is irreducible on Ap V/U over F^, we obtain that ZK is 
irreducible on A^ V/U over F, 



p- 



Obviously, e is a Zi^-homomorphism. li U = e~^(f/), then clearly A^ V/U = Ap V/U. 
Hence f/ is a maximal Zi^-sub module in A^ V. By this argument, we may, and shall, 
henceforth assume that (a2) is true with k = 1 and will write A^ for A^ . 

Let H denote Hp^r- As the GL(iJ)-action on H' is equivalent to its action on A^H, 
we identify V with H, A'^V with H', and U with a i^-invariant normal subgroup A^ of 
index p* in H'. Set G = II/{II^N). As p ^ 3, Lemma 4 shows that H^ and H' are 
GL(S^)-submodules of $(iJ) such that $(if) = H' ® Rp. Hence K must stabilize RpN 
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and so Lemma 5 gives that K ^ Aut(G')*^. Since K is irreducible, so is Aut(G')'^. As 

$(//) _ RPR' _ R' 
RPN ~ RPN ^ A^' 

we obtain that K and Aut(G)*^ are irreducible on ^{R)/{RpN). Now Theorem 6 implies 
that G is a UCS p-group with exponent p. 

(b) The discussion at the beginning of this section shows that (bl) implies (b2) with 
k = 1. Before proving the converse, we argue that we may assume that k = 1. Suppose 
that V is an ESQ Fgi^-module, and U is an Fgi^-submodule satisfying K^V/U = V. 
Using the notation in part (a), the Fp(Zi^)-homomorphism e: A^ V -^ A^ V gives rise 
to an Fp(Zir)-isomorphism AlV/U ^ AlV/U where U := e-\U). Since A'^V/U ^ V 
is an Fpi^-isomorphism, it follows that A^ V is ESQ. Moreover, V is an irreducible ¥pK- 
module by [HB82, Theorem VII. 1.16(e)]. In summary, viewing K as a i^-module over ¥p 
of larger dimension allows us to assume that the hypotheses for (b2) hold for k = 1. 

Suppose that k = 1. Set R = Rp^r- Take K to be an irreducible subgroup of GL(iJ), 
and M to be a fT-submodule of R' such that R and R'/M are isomorphic. Specifically 
let 9? : if — )■ R'/M be a i^-module isomorphism. Set 

N = {xPy \ X e R, y e R' such that ip{x^{R)) = yM} , 

and set G = R/N. As p ^ 3, one can easily check that A^ is a subgroup of ^{R) 
and that R' H N = M. Lemma 4 shows that the map x^{R) i— )■ x^ is an isomorphism 
between the GL(iJ)-modules R and Rp. Therefore, ii g & K and xPy G A^ with some 
X E R and y E R' then, as (^ is a A'-homomorphism, (xPy)^ = {x^)Py^ G A^. Thus A^ 
is a -A-submodule. Therefore Lemma 5 shows that K ^ Aut(G)'^. By assumption K is 
irreducible on R = G. The definition of A^ gives that R'N = ^(R), and so 

^(R) R'N R' R' - 

N ~ N ~ R'nN ~Jl ~ ■ 

As $((7) = ^{R)/N, we obtain that K acts irreducibly on ^{G). Since K ^ GL(H)n, 
this shows that {GL{R) n)'^^^^^^ is irreducible. Hence, by Theorem 6, G must be a UCS 
j9-group. Since A^ fl Rp = 1, G has exponent p'^. Thus (b2) implies (bl). D 

4. UCS p-GROUPS WITH GENERATOR NUMBER AT MOST 3 

In this section we classify 2- and 3-generator UCS p-groups. The main result of this 
section is the following theorem from which Theorem l(a)-(b) follows. 
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Theorem 8. Let G be an r-generated non-ahelian UCS p-group. 

(a) If p = r = 2, then G is isomorphic to the quaternion group Qg, and if p = 2 and 
r = 3, then G = Gi where 

Gi = {xi, X2, X3 I xl[xi,X2\[xi,X3][x2,X3\, xl[xi, X2][xi, X3], Xg [xi, Xg], 2-class 2) 

has order 2^. Further, Ani{Qfi)^ = GL2(2) and Aut(G'i)^ has order 21. 

(b) If p ^ 3 and r = 2, then G = G2 where G2 = {xi, X2 \ x^, x\^ p-class 2) is 
extraspecial of order p"^ and exponent p. Further, Aut(G'2)'^^ = GL2{p). 

(c) If p ^ 3 and r = 3, then G has order p^ and G = Gs or G^ where 

G3 = {xi, X2, x^ I a;^, X2, x^, p-class 2), and 

G4 = {xi, X2, x^ \ x^ = [a;2,a;3], X2 = [3:3, a:i], x^ = [xi,X2], p-class 2). 

Further, Aut(G'3)^ ^ GL^ip) and kni^G^f^ ^ ^O^ij))- 

Proof, (a) \{p = 2 and r = 2, then \G'\ = 2 and so \G\ = 8. The dihedral group of order 8 
has a characteristic cyclic subgroup of order 4, so the only possibility is that G = Qs- 
The group Qs can be written as i/2,2/^ where A^ = {x'^[y,x],y'^[y,x]) and x, y are the 
generators of -f^2,2- Now easy calculation shows that A^ is invariant under GL(iJ2,2), and 
so Lemma 5 implies that Aut{Qs) — GL2(2). Let now p = 2, r = 3. It can be checked 
that every irreducible subgroup of GL3(2) has order divisible by 7. All subgroups of 
order 7 are conjugate in GL3(2), so we may take an arbitrary one. Its action on $(i/2,3) is 
the sum of two non-isomorphic irreducible 3-dimensional submodules, say (-^^2,3)' and A^. 
Hence H2^3/N is a non-abelian UCS-group. A direct calculation (or an application of a 
computational algebra system [GAP07, BCP97]) shows that H2,3/N = Gi, and Aut(G'i)'^i 
is a non-abelian subgroup of GL3(2) of order 21. 

(b) Suppose that p is odd, and H = IIp2- Let A^ be a subgroup of ^{H) such that 
G = H/N is a non-abelian UCS p-group. As G" = ^{G) has order p, it follows that 
A^ = H^. Moreover, H/H^ is an exponent-p UCS extraspecial group isomorphic to G2- 
By Lemma 4, H^ is invariant under GL{H), and so Aut(G)*^ = GL2{p). 

This completes the proof of parts (a) and (b). The proof of part (c) relies on the 
following lemma. 

Lemma 9. Suppose that V is a 3-dimensional vector space over a finite field ¥, where 
char(F) ^2. Let U be a subspace ofV® A^V such that dimU = 3, U nV = U n A V = 
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and that GL{V)u is irreducible on V . Then there exists a g E GL(y) such that Ug = W 
where 

VT = (ei - 62 A 63, 62 - 63 A ei, 63 - Ci A 63) . 

and 61,62,63 is a basis for V. Further, GL{V)u = gGL(y)wg^^ and GL{V)w = S03(F). 

Proof. Let 61, 62, 63 be a basis for V, and let 62 A63, 63 A61, 61 A62 be the corresponding dual 
basis for A'^V. Concatenating these bases gives a basis for V © A'^V. We view g G GL(\/) 
as a 3 X 3 matrix relative to the basis 61,62,63. An easy computation shows that the 
transformation g /\ g E GL(A^K) defined by {u A v){g A g) = (ug) A [vg), has matrix 
det{g){g~^)'^ = det{g)g~'^ relative to the above dual basis. Thus g acting on V © A'^V 
has matrix 

'g Q \(9 

^0 gAg) [0 det((?)(?-T 

The subspace U has a basis of the form 61 — 01,62 — ^2,63 — 03 where 01,02,03 is a 
basis for A'^V. We now calculate the stabilizer GL{V)u- Let Ua denote the 3x6 matrix 
/ I —A ] where A is the invertible 3x3 matrix with ith row 



[an, Oi2, 0^3) where Oj = 0,162 A 63 + 0^263 A 61 + 0^361 A 62. 

Note that the matrix ( / | —A ) possesses two 3x3 sub-blocks. We shall view U as the 
row space of Ua- Let g be an arbitrary invertible 3x3 matrix. Then 

However, the matrices ig \ —A{g A g) j and (/ | —g^^A{g A g) ) have the same row space. 
The image of f/4 under the GL(V)-action is thus (UA)g = Ug-iA{gAg) = f^dct(3)(/-M3-T, by 
equation (1). Hence g G GL(V) stabilizes f/ = f/4 if and only ii A = g~^A{g A g), ot A 
intertwines g and gAg. In summary, g G GL(y)u if and only if gAg^ = (det g)A. 

The stabilizer GL{V)u is contained in the subgroup 

T = {ge GUV) I giA - A^)g^ = (det g)iA - A^)}. 

However F, and hence GL(y)u, fixes the null space 

{veV \v{A-A^) = 0}. 

As GL{V)u acts irreducibly on V, A — A"^ is either or invertible. Since 

det{A - A^) = det{{A - A^f) = det{A^ - A) = {-if det{A - A"") 
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and char(F) 7^ 2, we see that det(A — A^) = 0. Thus A — A^ = 0, and A is symmetric. 
Given that A is invertible, gAg^ = (det^')^ for g G GL(y)u imphes det(5') = 1. In 
summary, GL(y)u is the special orthogonal group 

GL{V)u = {ge GL(\/) | gAg'^ = A and det(^) = 1}. 

In particular, ii A = I and W = Ui, then 

GL{V)w = {ge GL(\/) \gg^ = 1 and det(^) = 1} = SOslF). 

The quadratic form Qa : l^ — ?■ F : f i— )> |f Af """ determines (and is determined by) a non- 
degenerate symmetric bilinear form (5a'- V xV ^¥: (f,w) 1— )■ vAw^. By diagonalizing 
13a (see [Lam73, Ch. l,Cor. 1.2.4]), there exists gi E GL(y) such that gi^A{g^^)^ is 
a non-zero scalar matrix. Thus {UA)gi = U -i.-t ^^^, ^ = U\i where A/ is a non-zero 
scalar matrix. However, {U\i){\^^I) = Uj. Thus UAg = Uj = W where g = gi\~^. □ 

The proof of Theorem 8(c). Let p be an odd prime, set H = Hp^^ and let G = H/N be 
a 3-generator UCS p-group. By Lemma 4, the GL(i7)-modules H and H^ are equivalent 
via the p-th power map. The action of GL(/J) on H' is equivalent to the exterior 
square action. In the proof of Lemma 9, the action of GL(\/) on h?V was shown to 
be (7 I—)- (\.ei{g){g~^Y- . Thus by Lemma 4 and Theorem 6 the stabilizer K := GL(iJ)jv 
acts irreducibly onH = HP = V and on H' = AV. 

If G has exponent p, then H^ ^ N. By Lemma 4, H' is invariant under GL{H), and 
so the subspace N (1 H' must be invariant under GL{H)n. If 1 < N Ci H' < H', then 
GL{H)]sf is reducible on H' contradicting the previous paragraph. Thus, by Theorem 6, 
N n H' = 1, and G = H / H^. Hence G must be isomorphic to the group G^ in the 
statement of the theorem, and Aut(G3)'^^ = G\j^{p). 

Suppose now that G has exponent p^. By Theorem 6(iii), |A^| = p^, A^ fl H^ = 1 and 
GIj(H)n is irreducible. As the GL(iJ)-actions on H' and A^H are equivalent. Lemma 9 
with F = Fp shows that a minimal generating set Xi, X2, x^ of G can be chosen satisfying 
the relations of G4. Lemma 9 also yields that Aut(G4)*^* = S03(p). As S03(p) acts 
irreducibly on both G/G^ and G^, we see that G = G4 is a UCS-group, as required. D 

5. 4-GENERATOR UCS 2-GROUPS 

In this brief section we describe a computer-based classification of 4-generator UCS 
2-groups. Recall that {xi,X2,X3,X4^} is a fixed minimal generating set for iJ2,4- Let 
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yi,y2,y3,y4 denote the squares xl,xl,xl,xl, and let zi,Z2,Z3,Z4,Z5,zq denote the com- 
mutators [xi,a;2], [xijXs], [xi,a;4], [a;2,a:3], [a;2,a:4], [x3,a;4] in -^2,4, respectively. Each group 
below has the form H2^4/N where A^ is a subgroup of the Frattini subgroup 

"^(^2,4) = {yi, 1/2, 1/3, 1/4, Zi, Z2, Z3, Z4, Z5, Zq). 

The following theorem proves the part of Theorem 1(c) with p = 2. The homocyclic 
abelian group 112,4/ N^ below is not included in Theorem 1(c). 

Theorem 10. A 4-generator UCS 2-group is isomorphic to the group H2,4/N where N 
is precisely one of the 9 subgroups described below: 

Ni = (t/i, 1/2, 1/3, 1/4, Z1Z3, Z2, Z3Z4, Z5, Zq); N2 = {yi, I/2I/3, 1/3^4, 1/4, Z1Z3, Z2, Z3Z4, Z5, Zq)] 

N3 = {yiZi,y2Zi,y3, 1/4, 21^2^3, ^2^3^5, ^3^4, zq); 

N4 = {yiZi,y2Z2, 1/3^2, 1/4^1, Z1Z5, Z2Z3Z5, Z3Z4, Zq); 

N5 = {zi,Z2,Z3,Z4,zr,,ZQ); Nq = {yiZ3,y2,y3,y4,ziZ5,ZQ); 

N7 = {yiZ2, 1/2^5, 1/3, 1/4, ZiZq, Z2Z^Zq)\ Ng = {yiZ2Z4, 1/21/4^3, 1/31/4^4, 1/4^1, ^1^6, Z2Z5ZQ); 

Ng = {yiZ3,y2Z4,y3Z4,y4Z3,ZiZQ,Z2Z5Ze). 

Proof. The proof relies primarily on computer calculations. One can easily verify, using 
the command CharacteristicSubgroups in GAP [GAP07], that each of the above 9 
quotient groups are UCS 2-groups. Clearly, they all are 4-generator groups. 

Suppose that G is a 4-generator UCS 2-group. Then G = H2,4/N where A^ ^ $(-^2,4) 
by Lemma 3. If G is abelian, then G^ is the non-trivial and proper characteristic subgroup 
of G. In this case, G must be isomorphic to the homocyclic group 7/2,4/^5 — (C'4)^. 

Assume now that G is non-abelian. As $(G) = G' and |(i/2,4)'| = 2^, we deduce 
that |G| ^ 2^". The classification of 2-groups with order at most 2^" is part of the 
computational algebra systems Magma and GAP [BCP97, GAP07]. Both systems can 
be used to determine whether a given 2-group is a 4-generator UCS group. Although the 
system Magma was faster then GAP, it was still unable to deal with the large number of 
groups of order 2^°. Suppose that iJ is a 4-generator group in the Magma library with 
order dividing 2^ where H' = ^(H) = Z{H). We used Magma to compute Aut(if), and 
checked whether Ant{H)^ and Aut(if )**^^-' are irreducible linear groups. By Theorem 6, 
H is UCS if and only if both of these linear groups are irreducible. In this way one 
can verify that if |G| divides 2^, then G is precisely one of the 9 quotient groups above. 
Looping over the groups with order 2^ on a computer with a 1.8 GHz CPU and 512 MB 
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memory took approximately 20 CPU minutes. A similar computation for |G| = 2^*^ never 
completed. 

It remains to show that no 4-generator UCS group G = H2^i/N has order 2^" where 
A^ ^ $(-^^2,4) has order |A^| = 2'^. By Theorem 6, S := GL4(2)jv is an irreducible subgroup 
of GL4(2). View iV as a subspace of $(1/2,4) = (Fs)^^, and identify $(1/2,4)/ (^2,4)' with 
V = (F2)^ and (i/2,4)' with AV. As \G'\ = |AV| = 2^, we see that A^nAV = 0, and so 
$(1/2,4) admits the S'-module direct decomposition $(1/2,4) = A^ © A'^V. Further, since 
$(l/2,4)/A^ — A^\/, the action of S on A'^V is irreducible by Theorem 6. We use Magma 
to loop over all irreducible subgroups R of GL(y) = GL4(2). We find that either R is 
reducible on A'^V, or the /^-action on $(//2,4) fixes no 4-dimensional subspace that could 
correspond to A^. This contradiction proves that no such group G exists. D 



The GAP and Magma catalogue numbers of the 9 quotient groups in Theorem 10 are 
[32,49], [32,50], [64,242], [64,245], [256,6732], [256,8935], [256,10090], [256,10289], and 
[256, 10297], respectively. The 1-dimensional semilinear group rLi(16) has a presentation 
{a,b I a*^ = b^^ = 1,6" = b^). The automorphism groups of the 9 USC 2-groups induce 
on the Frattini quotient the following irreducible subgroups of GL4(2): O4 (2), 0^(2), 
GL2(2)KGL2(2) = ^3x^3, rLi(16), GL4(2), 0|(2), {a,b^), {b^), andrL2(4) respectively. 
This can be deduced by using GAP or Magma to compare the chief series of irreducible 
subgroups of GL4(2), and the chief series of automorphism groups of USC 2-groups. 

The groups in Theorem 10 indicate that an important class of UCS 2-groups are 
formed by the Suzuki 2-groups. Computation with GAP [GAP07] shows that the group 
//2,4/A^4 is isomorphic to the Suzuki 2-group Q described as a (3 x 3)-matrix group 
in [HB82, VIII.7.10 Remark] with n = 4. Further, the group H2,i/N^ is isomorphic 
to the group A(4, -(9) in [HB82, 6.7 Example] where d is the Frobenius automorphism of 
Fig. However, since d has order 4, by [HB82, 6.9 Theorem], this group is not a Suzuki 
2-group. In a Suzuki 2-group G, the subgroup $((?) coincides with the elements of 
order at most 2 [HB82, VII. 7. 9 Theorem], and so the automorphism ^ that permutes 
the involutions transitively acts irreducibly on $(6*). Moreover, it is noted in the proof 
of [HB82, 7.9 Theorem(b)] that in a Suzuki 2-group G of type A{;d, n) the automorphism ^ 
that permutes the set of involutions transitively acts irreducibly on G, and so Theorem 6 
implies that these groups are always UCS groups. We claim, in addition, that the group 
Q in [IIB82, VIII.7.10 Remark] is always UCS. Indeed, the group of diagonal matrices 
with z^^'^, z, z^ in the diagonal where z runs through the elements of Fg2 induces a Singer 
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cycle on the quotient Q/Q, and hence this group is irreducible on Q/Q. Thus Theorem 6 
gives that Q is UCS. Though we conjecture that Suzuki 2-groups are always UCS groups, 
the detailed investigation of these groups goes beyond the scope of this paper. 



6. 4-GENERATOR UCS p-GROUPS WITH EXPONENT p 

Suppose that p is odd. In this section we classify 4-generator UCS p-groups with 
exponent p. That is, we prove the following theorem. 

Theorem 11. Let p he an odd prime, let {xi,X2-,x^,x{\ he a minimal generating set for 
Hp^4. Fix a G Fp such that F^ = (— «)• The following is a complete and irredundant list 
of the isomorphism classes of -i- generator UCS p- groups with exponent p: 

(i) Go = Hp^4/{Hp^4)P; 

(ii) G2 = Hp^i/ {{Hp^4.y, [xi,X2][x3,X4]''^, [xi,a;3], [a;i,a;4], [a;2,a;3], [a;2,a;4]); 
(iii) G4 = Hp^i/ {{Hp^iY, [a:i,X3], [xi^x^], [x2,x^], [x2,Xi\); 

(iv) Gq = Hp^J {{Hp^iY, [Xi,X2], [X3,X4], [X2,X3][X1,X4]-^ [Xi, X3]°[x2, X4]); 

(v) Gil = Hp^4./ {{Hp^iY, [xi,X4], [3:2,3:3], [a:2,a:4][xi,X3]"^); 
(vi) Gi4 = Hp^i/ {{Hp^iY\ [xi,X2][x2.,xa]); 
(vii) G16 = Hp^J {{Hp^iY, [2:1,0:2], [0:3,0:4]); 
(viii) G18 = Hp^J {{Hp^iY, [a:2,X3] [0:1,^4], [xi,X3]"[x2,a:4]-^). 

The indexing of groups in Theorem 11 is explained later. It is related to the 18 orbits 
of CL(U) on the proper non-trivial subspaces of A^U. 

We recall that Hp^r is defined in Section 2. Theorem 11 is the quantitative version 
of Theorem 1(c) and its proof relies on the classification of 4-generator p-groups with 
exponent p and nilpotency class 2. In order to present the classification here, we need 
some notation. Since p is odd, a 4-generator p-group G with nilpotency class 2 and 
exponent p is isomorphic to Hp4/{{Hp4Y^) where A^ is a subgroup of {Hp,^)'. Since 
(Hp^)' is an elementary abelian group, we view it as a vector space over ¥p. Assume that 
Hp4 is generated by Xi, X2, x^, x^. Consider the subgroup (Hp^^)' as a 6-dimensional 
subspace over ¥p with standard basis [^1,0:2], [^1,^3], [3:1,3:4], [0:2,0:3], [0:2,3:4], [0:3,0:4]. 
We introduce a non-degenerate quadratic form on {Hp^^)': 

(5'([o:i,X2]"'[o:i,o:3]"2[xi,X4]"^[o:2,o:3]"*[o:2,o:4]"'^[o:3,X4]"'') = aicte - «2a5 + a3a4- 
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The quadratic form Q' induces a non-degenerate symmetric bilinear form: 

If f/ is a subgroup in {Hp^^' , then f/-*- is defined as 

U^ = {ve (Hp^i)' I {u,v) = for all u G U}. 
Let a be as in Theorem 11, and define the following subgroups in (Hp^^)': 

Ni = ([Xi,X3], [Xi,Xi\, [X2,X3\, [X2,X4], [xs,Xi\); 

N2 = {[xi,X2][x3,X4]~-'^, [xi,X3], [xi,X4\, [x2,X3\, [xa,^^); 

N3 = {[xi,X2], [xi,Xi], [x2,Xi], [x3,Xi]); 

A^4 = {[XI,X3], [xi,Xi], [X2,X3], [x2,Xi]); 

N5 = {[Xi,X2], [X2,X4\, [X3,X4\, [Xg, Xg] [Xi, xj"^); 

Nq= ([Xi,X2], [x3,X4], [x2,X3][Xi,X4]-\ [Xi, Xg]" [^2, X4]); 

A^7 = ([xi,X4], [X2,X4], [X3,X4]); 

A^8 = ([xi.Xs], [xi,X4], [X2,X4]); 

A^9 = ([X2,X3], [X2,X4], [X3,X4]); 

A^IO = ([Xi,X3], [Xi,X4], [X3,X4][X1,X2]~^); 

Nil = ([X1,X4], [X2,X3], [X2,X4][X1,X3]-^); 

^^12= ([X1,X4], [X2,X4][X1,X3]"", [xi, X2] [X3, X4]"^). 

For i = 13, . . . , 18 set Ni = {Ni_i2)^. That is, iVj is the subgroup perpendicular to A^i_i2 
with respect to the symmetric bilinear form ( , ) associated to Q'. For i = 0, ... ,18, let 
Gi denote the group Hp^^/^^Hp^^yNi). Our notation is consistent in the sense that the 
groups Gi defined here coincide with those defined in Theorem 11. 

Lemma 12. For p ^ 3, every A- generator finite p-group with exponent p and nilpotency 
class 2 is isomorphic to precisely one of the groups Go,Gi, . . . , Gis- 

Proof. Suppose that i G {0, . . . , 5} and let Afi denote the set of subgroups with order 
p' in (Hp^i)'. Then, for Mi, Ms G M, we have Hp^i/{{Hp^4yMi) = Hp^i/{{Hp^4TM2) 
if and only if Mi and M2 lie in the same GL(iifp4)-orbit (see [O'B90, Theorem 2.8]). 
Therefore it suffices to show that the subgroups A'^o, . . . , A'^ig form a complete and irre- 
dundant set of representatives of the GL(/Jp4)-orbits in [J Mi. A simple computation 
shows that Q' is stabilized by GL{Hp^4) up to scalar multiples (alternatively see [KL90, 
Proposition 2.9.1(vii)]). Thus Mi and M2 lie in the same GL(i/p^4)-orbit if and only if 
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(Ml)-*- and (M2)"'" do. Therefore we only need to verify that the set {Ni, . . . , A^i2} is a set 
of representatives of the GL(i/p^4)-orbits in A/5 U A/4 U Af^. These orbits have long been 
known; they are listed already in Brahana's paper [Bra40]. Our list above is taken from 
the recent classification of finite p-groups of order dividing p^ , see [NOVL04, OVL05]. D 

Recall that {xi,X2,X3,X4^} is a fixed generating set for Hp4^. Risking confusion, let V 
denote a 4- dimensional vector space over ¥p with basis xi, X2, xs, 0:4. This way the symbol 
Xi may refer to an element of -f/p,4, or to an element of V. However, elements of the group 
Hp4 are written multiplicatively, while elements of V are written additively. There is a 
natural bijection \E' : A'^V — )■ (Hp^^)' mapping Xi A Xj t-)- [xj,^^]. Define a quadratic form 
Q on A'^V by Q{w) = (5'(^E'(w)) for all w G A^V. The value of the form Q is given by: 

Q {aiXi A a;2 + 0:23^1 A 0:3 + 0:3X1 A X4 + 0:4X2 A X3 + O5X2 A X4 + 05X3 A X4) 

= OiOq — O2O5 + O3O4. 

Theorem 6 says that a subspace U ^ A'^V gives rise to an exponent-p UCS p-group 
Gu := ifp4/((ifp4)^^(f/)) if and only if the stabilizer GL{V)u is irreducible on both V 
and A'^V/U. For i = 0, . . . , 18, let f/j denote the subspace \E'~^(iVj). Therefore we can 
check which of the groups Go, . . . , Gis are UCS by checking, for i = 0, . . . , 18, whether 
GL{V)ui is irreducible on V and on A'^V/Ui. This is carried out in the rest of this section. 

A subspace U ^ A'^V is said to be degenerate if f/ fl f/-*- 7^ 0; otherwise it is said to be 
non-degenerate. A subspace U is said to be totally isotropic if Q{u) = for all u E U. 

Lemma 13. If U is a degenerate subspace of A'^V , then GL{V)u acts reducihly on V or 
A^V/U , and thus the p-group Gjj := Hp^4^/ {{Hp^4)^'$ (U)) is not a UCS-group. Further, 
the subspaces Ui for i G {1, 3, 5, 7, 8, 9, 10, 12, 13, 15, 17} are degenerate with respect to Q. 

Proof. Suppose that U is degenerate. Then f/flf/-'- 7^ 0, and f/ + [/-*- is a proper subspace 
of A^V. Thus if U^ ^ U, then GL{V)u = GL{V)u± is reducible on A^V/U as it fixes the 
proper subspace (f/ + U-^)/U. Assume henceforth that f/-*- ^ U. 

Lemma 12 says that there are precisely 19 different GL(y)-orbits on the proper sub- 
spaces of A'^V, and representatives of the orbits are Uq, Ui, . . . , f/ig. A straightforward 
calculation shows that f/j is degenerate if and only if i G {1, 3, 5, 7, 8, 9, 10, 12, 13, 15, 17}. 
Moreover, the only f/j satisfying f/-*- ^ U are f/i, f/3, f/7, f/g. It is possible to prove case by 
case that for these values of i, the group Gu- is not UCS. However, instead of performing 
a case by case analysis, we offer a geometric proof, which we find more elegant. 
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We shall show that for each degenerate subspace U ^ A'^V with U^ ^ U, the stabilizer 
GL{V)i/± = GL{V)u is a reducible subgroup of GL(y). Since dim(f/-'-) = 6 — dim(f/), 
we see that dim(f/-'-) = 1,2,3 and f/-*- is a totally isotropic subspace of A^V. First, 
suppose that dim(f/"'") = 1. By [Tay92, p. 187], there exist linearly independent vectors 
fi,W2 G V such that f/"*" = (fi Af2) and hence GL(\/)(7X fixes (^1,^2) and so is reducible. 
Second, suppose that dim.{U^) = 2. Then also by [Tay92, Lemma 12.15], f/-*" has the 
form {vi A f3,f2 A ^3) where fi,f2,f3 G V are linearly independent. Thus GL(y)u± 
fixes (fi,f2,t'3). Finally, suppose that dim(f/^) = 3, then by [Tay92, Theorem 12.16], 
U^ equals Wi A V or 14^3 A W3 where Wi, W3 are subspaces of V of dimension 1 and 3 
respectively. Thus GL{V)^± fixes Wi or W3, and so is reducible. D 



The proof of the converse of Lemma 13 is substantially harder. It is noteworthy that 
in the proof of Lemma 14 below, Aut(G)*^ is commonly a maximal group from one of 
Aschbacher's [Asc84] classes. 

Lemma 14. If U is a non-degenerate subspace of A'^V , then GL{V)u acts irreducibly on 
V and A'^V/U, and thus the p- group Gu '■= Hp^4^/{{Hp^^^'^{U)) is a UCS-group. Further, 
the subspaces Ui for i G {0, 2, 4, 6, 11, 14, 16, 18} are non- degenerate with respect to Q. 



Proof. As remarked in the proof of Lemma 13, Uq, f/i, . . . , f/ig is a complete and irredun- 
dant list of representatives of GL(V")-orbits on the proper subspaces of A'^V. Moreover, 
Ui is non-degenerate if and only if i G {0,2,4,6,11,14,16,18}. Denote the stabilizer 
GL{V)ui by Ki. We prove below, in a case by case manner, that Ki acts irreducibly on 
V and A'^V/Ui for i G {0, 2, 4, 6, 11, 14, 16, 18}. 

Since GL(y) is irreducible on V and A'^V, Gq is a UCS-group. Suppose henceforth 
that Ui ^ 0. For non-degenerate U, A'^V = U ®U^ and G\.{V)u = GL{V)u±- Since 
Ui+i2 = U^ for 1 ^ i ^ 6, we see that Ki = -ft'i+12. Thus it suffices to prove that Ki is 
irreducible on the spaces V, Ui, and f//- = A'^V/U for ? G {2, 4, 6, 11}. 

Consider first the stabilizer K2. Note that U^ = f/14 = (a;i A X2 -|- 0:3 A X4). View 
g G GL(K) as a 4 X 4 matrix with respect to the basis xi,X2,X3,X4^ of V. The equation 

(xi A 0:2 + 0:3 A X4){g A g) = a{xi A 0:2 + 0:3 A X4) for some non-zero a G Fp, 
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/ 1 


\ 


-1 








1 


iy 


-1 Oy' 



gives a linear system equivalent to the matrix equation g^ Jg = a J where 



J 



Thus g G K2 if and only if g preserves the alternating form J up to a scalar factor. In other 
words, K2 = GSp4(p). Clearly, GSp4(j9) is irreducible on V, and on the 1-dimensional 
subspace f/14. Additionally, the fC2-action on f/2 is irreducible as K2 contains a subgroup 
isomorphic to 1^5 (p) (see [KL90, Proposition 2.9.1(vi)]), and ^^{p) acts irreducibly on the 
5-dimensional space f/2. 

Consider now the stabilizer K4. Set Li = (a;i,a;2) and L2 = {xs,X4). Let H be the 
stabilizer of the decomposition V = Li©L2. Then H = GL2{p)lC2. We aim to prove that 



H = Ka. It is routine to check that H stabilizes U- 



16 



{xi A 3^2, 3:3 A X4) and U- 



16 



Thus H ^ K^. Set Pi = {xi A X2) and P2 = (a^s A X4). Then f/ig = Pi © P2 and Pi, P2 
are the only 1-dimensional totally isotopic subspaces of f/ig. Thus K^ permutes the set 
{Pi,P2}. The following argument shows that GL(\/)p^ = GL(\/)i^: 



for some a G F^ 



g G GL(\/)p^ <^=^ (xi A X2){g A g) = a{xi A X2) 
^^ {xi,X2)g = (a;i,X2) 
^^^gGL(\/)z.,. 



Denote by -ff the subgroup of H that fixes both Li and L2, and denote by K4 the subgroup 
of K4 that fixes both Pi and P2. Since GL{V)li = GL(\/)pj, we see that H = K4. Since 
l-ft'4 : K^l = 2 and \H : H\ = 2, it follows that \H\ = {K^l. Thus // = K4 as desired. 

We claim that K4 is irreducible on V, f/4, and on Uiq. The only proper and non-trivial 
-ft'4-submodules of V are Li and L2. These are swapped by K4, and so K4 is irreducible 
on V. Suppose that g G -ft'4 is represented by the block-matrix 




Then the action of g on Uiq relative to the basis a;i A X2, X3 A X4 has matrix 

detA 
detP 
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Therefore the only proper, non-trivial i^4-sub modules of f/ie are Pi and P2. However, K4 
contains an element that swaps Pi and P2, and thus 7^4 is irreducible on f/ig. Recall that 
f/4 = {xi A 0:3, xi A a;4, X2 A X3, X2 A X4). The action of K4 on f/4 is equivalent to the action 
of GL2{p) X GL2{p) on the tensor product (a;i,X2) (8> {xsyX^}; the equivalence is realized 
by the map Xi A Xj h- )■ Xj Xj. Since GL2(j9) is absolutely irreducible, [Rob96, 8.4.2] can 
be used to obtain that the outer tensor product GL2(p) Kl GL2(p) acts irreducibly on F^. 
Hence K4, and therefore K4, acts irreducibly on f/4. 

The next stabilizer to consider is Kq. We shall show that Kq acts irreducibly on V, Uq 
and Uis = U^. The definition of the subspace Uq involves a fixed a G F^ such that —a 
generates F^ . Note that 

Uis = Uq = {xi /\ X4 + X2 /\ xs, axi A X3 — X2 A X4) . (2) 

We shall prove that K^ = Kis = rL2(p^). Identify V with Fp2 ©Fp2 as follows. Since —a 
is a non-square in Fp, its square roots, ±/3, lie in Fp2 \ Fp. Then (1, 0), (/3, 0), (0, 1), (0, f3) 
is an Fp-basis of Fp2 © Fp2. Identify the elements Xi, X2, X3, x^ with (1, 0), (/3, 0), (0, 1), 
(0, /3), respectively. We view rL2(j5^) as a subgroup of GL^i^p) under the identification 
above. 

Let £ : A^ V — )■ Ap ^y be the unique Fp-linear map satisfying e{u Av) = uAv. Easy 
computation shows that Uq ^ here. On the other hand, by dimension counting, we 
have that dim(ker£) = 4, which gives Uq = here. Suppose that f/ is a 2-dimensional 
Fp-subspace in V. Then U is an Fp2-subspace of V if and only if e{U A f/) = 0; that is, 
U AU ^ Uq. Thus Kq is the setwise stabilizer of the Fp2-subspaces of V. 

Clearly, the group TL2{p'^) permutes the Fp2 subspaces of V, and hence rL2(p^) ^ Kq. 
In order to show the other direction, let g G GL4(p) and suppose that g stabilizes Uq. 
Then g permutes the Fp2-subspaces. Thus we have, for f G V" and a G Fp2, that 

(av)g = I3{vg) (3) 

with some /3 G Fp2. Let Vi, f 2 G V" be linearly independent over Fp2. Then, as g permutes 
the Fp2-subspaces, Vig and V2g are linearly independent over Fp2. Let /3i, /32 G Fp2 such 
that {avi)g = (3i{vig) and {av2)g = (32{v2g)- Then there is some 7 G Fp2 such that 
{avi + av2)g = liyig + V2g), but also {avi + av2)g = Piivig) + f32{v2g). This shows that 
/3i = (32, and therefore (3 is independent of v in equation (3). Hence for all a G Fp2 there 
is some (p{a) G Fp2 such that {av)g = ip{a){vg). As 

(p{ai + a2){vg) = ((cti + a2)v)g = {aiv + a2v)g = (v?(«i) + ip{a2)){vg), 
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we obtain that (/? is additive. Since ip{a/3)vg = {af3v)g = ip{a){{/3v)g) = ip{a)ip{f3){vg), 
we have that v^ is a field automorphism. Since ip fixes ¥p pointwise, y? is a member of 
the Galois group of Fp2 over ¥p. Hence g is a semilinear transformation which gives that 
Kq ^ rL2(p^). Therefore Kq = rL2(p^), as claimed. 

To show that Kq acts irreducibly on Uq and Uis let us take a Singer cycle, i.e., an 
element g of order p'^ — 1 in GL2(j5^) < Kq. Let e G Fp4 be an eigenvalue of g. Then the 
eigenvalues of g are e, e^, 6^,6^, and so the eigenvalues oi g A g on V AV are r] = e^^^, 
7]^, r]P , 7]^ , 6 = e^^^ , and 6^. The order of r] is (p^ — l)/{p+ 1) > p^, hence r], r]^, r]^ , r]^ 
are all different. Similarly, the order of ^ is p^ — 1, so ^ and 9^ are distinct. This means 
that the characteristic polynomial oi g A g is the product of two irreducible factors, one 
of degree 4, the another of degree 2. Hence V AV decomposes into a direct sum of a 
4-dimensional and a 2-dimensional irreducible {g A 5f)-submodules. Since U^ and f/is are 
invariant under g A g, v>ie obtain that these are the irreducible summands. 

Finally, consider Ku. We identify V with the tensor product {ui,U2) (X> (fi,f2) by 
assigning xi, X2, x^, x^ to —ui ® vi, U2® vi, U2® V2, ui® V2, respectively. Hence the 
group GL2{p) X GL2(p) acts on V ^ and the action of the element 

an ai2 I / Ai /3i2 

^ 0^21 "22 ) \ hi 1^22 

is represented by the matrix 



(4) 



The kernel of the action of GL2(p) x GL2(p) on V equals {A/ ® \~^I | A G F^}. Thus 
the central product GL2(p) YGL2(p) acts faithfully on V. Let H denote the group of all 
matrices of the form (4). Elementary, but cumbersome, calculation shows that the group 
H is the stabilizer of Uu, and so H = Ku. In particular Ku = GL2(p) YGL2(p). As 
GL2{p) is absolutely irreducible on F^, by [Rob96, 8.4.2], Ku is irreducible on V. 

Consider the subgroups Ti and T2 of Ku consisting of the elements of the form 
"" "''^ ) « f ' M and fl M » f ^" ^" 



/ auPii 


-auPn 


-auPu 


-"ll/3l2 \ 


-a2i/3ii 


a22/3ii 


"22/312 


"2l/3l2 


-a2i/32i 


a22/321 


"22/322 


"21/322 


\ -aii/321 


"12/321 


"12/322 


"11/322 / 
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Simple computation shows that the action of a generic element of Ti on Un is represented 
by the matrix 

—0:21 0:22 Oi220i2l 

y —2a2lCill 2a220il2 C(22Ctll + ttl2a21 

Since Ti is isomorphic to GL2{p), the derived subgroup (Ti)' is isomorphic to SL2{p) and 
simple computation shows that (Ti)' induces a subgroup of SL(f/ii). Moreover, (Ti)' 
preserves the symmetric bilinear form 

{aiXi AX4 + a2X2AX3 + a3{x2AX4^ — Xi AX^), f3iXi AX4^ + f32X2AX3 + f33{x2AX4 — Xi AXs)) 

= -ai/32 - a2f3i - 2a3f33. 

It is shown in [KL90, Proposition 2.9.1(ii)] that (Ti)' induces ^{Q), where Q is the 
quadratic form induced by the above bilinear form. As Q{Q) is irreducible, we obtain 
that Kii is irreducible on Uu. Replacing Ti by T2, the same argument shows that Ku is 
irreducible on U^i- D 

The proof of Theorem 11 is now straightforward. 

The proof of Theorem 11. As explained in Lemma 14, Gi is UCS if and only if GL(y)ui 
is irreducible on both V and A'^V/Ui. Hence Lemmas 13 and 14 imply Theorem 11. D 

UCS p-groups with exponent p^ are studied in the next section. It follows from 
Theorems 11 and 6 that a 4-generator exponent-j9^ UCS p-group is a quotient of either 
Hp^i/NiQ or Hp^^/NiQ. Determining precisely which of these two cases leads to UCS p- 
groups involves subtle isomorphism problems which depend on the value of the prime p. 
This is illustrated in the the next section. 

7. Exterior self-quotient modules 

The study of UCS p-groups with exponent p^ is reduced by Theorem 7(b) to considering 
a problem in representation theory. Recall that the concepts of ESQ-modules and ESQ- 
groups were defined in Section 3. Unlike the property of irreducibility, the ESQ-property 
is preserved under subgroups and field extensions, as shown by the following lemma. 

Lemma 15. Let V be an ESQ ¥G-module. Then 

(a) every subgroup H of G is also an ESQ-subgroup ofGLiV). 
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(b) V ^fK is an ESQ KG-module for every extension field E of¥. 

(c) G contains no non-trivial scalar matrices, and dim(V) ^ 3. 

Proof. Parts (a) and (b) are routine to verify. If a scalar matrix XI lies in G, then it 
follows from A'^V/U = V that A^ = A and hence A = 1. In addition, dim(A^y) ^ dim(\/) 
implies dim(\/) ^ 3. Hence part (c) holds. D 

An irreducible ESQ-module can give rise to a smaller dimensional irreducible module 
over a larger field which does not enjoy the ESQ-property. For example, a 5-dimensional 
irreducible, but not absolutely irreducible, ESQ-module over ¥g, gives rise to a one 
dimensional irreducible module over Fgs which is not an ESQ-module by Lemma 15(c). 

Let r and q be coprime integers. Denote the order of q modulo r by ordr{q). Then 
ord,.(g) is the smallest positive integer n satisfying g" = 1 (mod r). Warning: The 
variables p, r, and G have different meanings in the following discussion about ESQ- 
groups, to the previous discussion about UCS-groups. 

Theorem 16. Let p be a prime, q a power of a prime (possibly distinct from p), and let 
G be a minimal irreducible ESQ-subgroup of GLp{q). Then one of the following holds: 

(a) G is not absolutely irreducible, r := \G\ is prime, OTdr{q) = p and there exist 
distinct a, /3 G (q) ^ ¥^ such that a + f3 = 1; 

(b) G is an absolutely irreducible non-abelian simple group; 

(c) G is absolutely irreducible, \G\ = pr"^ where r is a prime different to p, ordr(g) = 1, 
and s = ordp(r). Moreover, G' is an elementary abelian group of order r^ and G/G' 
has order p and acts irreducibly on G' . 

Proof. Denote hy V = {¥qY the corresponding ESQ F^G-module. Here p and char(Fg) 
may be distinct primes. By Lemma 15(a), subgroups of ESQ-groups are ESQ-groups, 
and hence by the minimality of G, proper subgroups of G act reducibly on V . If H is 
a non-trivial abelian normal subgroup of G, then by Clifford's theorem either H acts 
irreducibly on V , oi V = Vq ®Vi ® ■ ■ ■ ® V^-i is an internal direct sum of p pairwise non- 
isomorphic 1-dimensional i/-submodules. (If Vq, Vi, . . . , V^_i were all isomorphic, then H 
would contain non-trivial scalar matrices contrary to Lemma 15(c).) 

(a) Suppose that G does not act absolutely irreducibly on V . By Lemma 15(b) we may 
view G as an ESQ-subgroup of GLp(E) where E denotes the algebraic closure of F^. The 
module E^ is a direct sum of p pairwise non- isomorphic algebraically conjugate irreducible 
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1-dimensional G-submodules by [HB82, Theorem VII. 1.16]. This proves that G is abelian. 
We argue that r := \G\ is prime. If not, then G has a proper non-trivial subgroup H . By 
the first paragraph of the proof, V decomposes as the sum of 1-dimensional if-modules. 
In particular, an element h E H has an eigenvalue. A, say, in V . Since h commutes with 
G, the linear transformation /i is a G-endomorphism of V , and so are the transformations 
A/ and h — A/. As h — XI is not invertible, Schur's lemma shows that h — XI = 0, and 
so h coincides with the scalar matrix XI. However, as, by Lemma 15(c), G contains no 
non-trivial scalar matrices, we obtain that h = I. Hence the only proper subgroup of G 
is the trivial subgroup, which shows that r is prime. 

Then E^ = W^criW)®- ■ ■®(tP~'^(W) where a: E -> E is the qth power (Frobenius) au- 
tomorphism, and a{W) denotes an EG-module algebraically conjugate to W via a [HB82, 
Definition VII. 1.13]. Further, a^{W) = W. The exterior square of E^ is isomorphic to a 
direct sum Eo=si<j<p^'(^) ^ (^^{W). Thus W = cr'{W) A a^{W) for some O^i <j <p, 
as E^ is an ESQ-module. Suppose that G = (g). Then g is conjugate in GLp(E) to a 
diagonal matrix diag(C, C^, ■ ■ ■ , C^^ ) where C ^ E^ has order r. It follows from q^ = 1 
(mod r), that OTdr{q) equals 1 or p. The first possibility docs not arise as g is not a scalar 
matrix. The condition W = C{W)A(^{W) implies that 1 = q''' + q^ (mod r) where a = g* 
and P = q^ are distinct powers of q. This completes the proof of part (a). 

(b) Suppose now that G is a simple group acting absolutely irreducibly on V. Then G 
must be non-abelian. 

(c) Suppose now that G acts absolutely irreducibly on V and G is not simple. Let 
A^ be minimal normal subgroup of G. Then iV is a proper subgroup of G and so acts 
reducibly. Let V = Vq Q) ■ ■ ■ Q) V^-i be a direct sum of p irreducible 1-dimensional A^- 
submodules. It follows that A^ is abelian. Suppose that |A^| = r* where r is prime. By 
the first paragraph of this proof, Vq, . . . , Vp-i are pairwise non-isomorphic. Since A^ has a 
non-trivial 1-dimensional module over Eg, it follows that r divides g — 1, or ordr{q) = 1. 

By Clifford's theorem, G acts transitively on the set {Vq, . . . , l^-i}. Choose g E G 
that induces a p-cycle. By renumbering if necessary, assume that Vig = V^+i where the 
subscripts are read modulo p. Choose 7^ Cq G Vq and set Cj = eog\ Then eog^ = Acq for 
some A G Eg. Since g^ is the scalar matrix XI, it follows from Lemma 15(c) that A = 1. 
Since {g)N acts irreducibly on V, it follows by minimality that G = {g)N has order pr*. 

We may view G as a subgroup of the wreath product G^ wrGp. The base group (G^)^ 
may be identified with the vector space (E^)^, and A^ may be identified with an irreducible 
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F^Cp-sub module of (F^)^. Since the derived subgroup G' equals A^, it follows that r ^ p. 
By Maschke's theorem (F^)^ is a completely reducible F,.Cp-module. Since no Vi is the 
trivial module, A^ corresponds to an irreducible F^Cp-submodule of (F^)^"^. However, 
{¥rY~^ is the direct sum of (p— l)/ordp(r) irreducible F^Cp-submodules each of dimension 
ordp(r). This proves that s = ordp(r), and completes the proof. D 

In Theorem 16(a,c), the order |A^| = r* of a minimal normal subgroup of G is severely 
restricted. If p and q are given, then r* must divide |GLp(Fg)|, however. Up is given and 
q is arbitrary, then there are still finitely many choices for r"^. 

Theorem 17. Let G ^ GLp(g) be as in Theorem 16(a,c), and let N be a minimal normal 
subgroup of G. Let j G {2, 3, ... ,p — 1}, and let Ypj be the Z-module 

Yp,j = (eo, ei, . . . , ep_i | Ck = ci+k + e^+fe, /c = 0, 1, . . . ,p - 1) 

where the subscripts are read modulo p. Then the Z-modules Ypj are finite, and N is a 
factor group of Ypj for some j. 

Proof. Cases (a) and (c) can be unified by considering the potentially larger finite field 
E = ¥q{C) where ( has order r. In case (a), the group G = N has order prime r, 
and W = Vq (B Vi (B ■ ■ ■ (B V^-i where Vk is an irreducible 1-dimensional EiV-module 
corresponding to the eigenvalue o'''{() where a G Gal(E/Fg) has order p. Let g G GLp(E) 
be a matrix of order p satisfying Vk = Vog'^, for all k. Then {g)N is a minimal irreducible 
ESQ-subgroup of GLp(E) with s = 1. 

Thus we reduce to case (c) where G = {g)N is a minimal irreducible ESQ-subgroup of 
GLp(E) where g is as above, | A^| = r* is elementary abelian and E^ = Vq © Vi © ■ ■ ■ © Vp-i 
is a sum of irreducible (but not necessarily algebraically conjugate) 1-dimensional EiV- 
submodules. As Vk = Vog'^, each Vk is a non-trivial A^-module. If Vq = Vq A Vj, then Vj 
would be the trivial A^-module. Hence we have Vq = Vi A Vj where < i < j < p. 

By replacing g by g\ we may assume that Vq = Vi A Vj, that is, we may assume 
that i = 1. Suppose henceforth that Vq = V^i A Vj as A^- modules where 1 < j < p and 
Vk = Vog''. Suppose n e N and n = diag(C'"'*-"\ C''^*-"\ • • • ? C'*'"^^"'') where Xk{n) G F^ 
and C ^ ^ has order r. The A^-isomorphisms Vk = Vi+fc A Vj-^k give rise to equations 
Xk{n) = xi^k{n) + Xj^k{n) in F^, where the subscripts are read modulo p. We shall view 
Xk as an element of the dual space A^* of A^. Thus Xk = Xi^k + Xj^k in N* for all k. 

Our goal now is to relate the abelian group Ypj, which is defined in terms of p and j, to 
the abelian group A^ of order r*. We show now that A^* is an epimorphic image of Ypj. Let 
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V = (eo, . . . , Cp-i) where Cfc = (0, . . . , 0, 1, 0, . . . , 0) has a 1 in position k + 1. First, note 
that A^* = (xcXi, . . . ,Xp-i) because n^~Qker(xfc) is trivial. Second, the homomorphism 
Z^ — )■ A^* defined by Xlfc=o y^^k '"^ X]fc=o Vk^k is surjective by the previous sentence, and 
its kernel contains Rj = (e^ — Ci+fe — e^+fc | k = 0,1, . . . ,p — 1) since x^ — Xi+k — Xj+k = 
in A^* for all k. As Ypj = W / Rj, this homomorphism induces an epimorphism l^j — )■ A^*. 
We prove below that l^j is finite. Hence |A^*| = |A^| = r'^ divides |l^j|. 

The above subgroup Rj of IF equals X^{I — C — C^) where C = Cp denotes the cyclic 
permutation matrix 

/o 1 o\ 



G„ 





1 



1 

V 



G GLp(Z). 



We argue that \W : Rj\ is finite, or equivalently that det(/ — C — C^) ^ 0. Denote by 
the matrix ring homomorphism ~: Z*'^^ — )■ FI*^^. Then C is conjugate in GLp(Fp) 
to an upper-triangular matrix with all eigenvalues 1, and I — C — C^ is conjugate to an 
upper-triangular matrix with all eigenvalues —1. Therefore 

dei{I - C - C^) = {-ly (modp). 



Cp — C^)| is finite. Alternatively, the 



Thus det(/ - C - C-') ^ and \Yp^j\ = \ det(/ 

formula for the determinant of a circulant matrix shows that 

p-i 
det{I-Cp-C^) = l[{l-ep-^i')j^O 

k=0 

for 1 < j < p, where ,^„ = e^'^*/^ denotes a complex primitive pth root of 1. 



D 



The previous determinant can be defined for any size n. Let 6n,j = det(/ — C„ — Cl) 
for 1 < j < n. However, for some composite n, this determinant can be zero. For 



n/6 



-n/6 



0. 



example, if n = (mod 6) and j = —1 (mod 6), then 6n,j = as 1 — ^n — 6 
We can observe that Sn,n-i = =tl whenever n = ±1 (mod 6). To see this note that 
(/ - C„ - C-i)-i = / + E!=7^^^^(-Cn)^^(/ + Cli'^) when n = -1 (mod 6). A similar 
formula holds for the inverse when n = 1 (mod 6). Furthermore, one can prove using row 
operations, and basic properties of Fibonacci numbers that 6n^2 = l + (— 1)" — -^n-i — -^n+i- 
Assume henceforth that n = p is prime. 
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The structure of the abehan group Yp^j can be determined from the elementary divisors 
of the Smith normal form of the matrix I — Cp — C^^. The following table shows, for 
example, that Y-j^^ = Y-j^^ = (C2)^ has order 8 and exponent 2, and ^13^12 is trivial. 



p 


3 


5 


5 


^7 

i 


i 


7 


11 


11 


11 


11 


13 


13 


13 


13 


13 


13 


3 


2 


2,3 


4 


2,4 


3,5 


6 


2,6 


3,4 


5,7,8,9 


10 


2,7 


3,9 


4,10 


5,8 


6,11 


12 


Divisors 


22 


11 




29 


23 




199 


67 


23 




521 


131 


79 


33 


53 





Table 1: The elementary divisors of l^j- that are not 1. 

Table 1 suggests that Ypj = Yp^ when jk = 1 (mod p). Note that there exists a 
permutation matrix which conjugates Cp to Cp, and this conjugates I — Cp — Gj^ to 
/ - Cp^ - Cp. Hence Ypj = Yp^u- 

The following theorem shows that case (b) of Theorem 16 does not arise in dimension 5. 

Theorem 18. Let q he a prime power, and let G he a minimal irreducihle ESQ-suhgroup 
of G\j^{q). Then case (b) of Theorem 16 does not arise, and more can he said ahout 
cases (a) and (c): 

(a) G is not ahsolutely irreducihle, \G\ = 11, and ordii(g) = 5, 
(c) G is ahsolutely irreducihle of order b^ and oidii{q) = 1. 

Furthermore, hoth of these possihilities occur. 



Proof. Suppose that G satisfies case (a) of Theorem 16. Then r = 11 by Theorem 17 and 
Table 1. The subgroup (g) ^ Ff^^ has order p = 5. Therefore (g) = {1,3,4,5,9} = (Ff]^)^, 
and ordii(g) = 5 implies that q = 3,4,5,9 (mod 11). Note that a = 3 and /3 = 9 
satisfy a + /3 = 1 in Fn. Conversely, if ordii(g) = 5, then the cyclotomic polynomial 
$11 (a;) = x^^ + ■ ■ ■ + X + 1 factors over F^ as a product of two distinct irreducible 
quintics. The companion matrix of either of these quintics generates an irreducible (but 
not absolutely irreducible) ESQ-subgroup of GL5(Fg) of order 11. 

Suppose now that G satisfies case (c) of Theorem 16. As above, r = 11. Further- 
more, ordii(g) = 1 and s = ord5(ll) = 1. Therefore G is isomorphic to the group 
l,g~^ng = n*) of order 55, where ordii(t) = 5. By replacing g by 

= 3. Conversely, there is an irreducible ESQ- 

= 1 (mod 11). To see this apply Theorem 21 

{1,3,4,5,9}. Note that a = 3,/3 = 9 satisfy 



n \ g 



n 



11 



a power of itself, we may assume that t 
subgroup G of GL5(Fg) of order 55 if q^ 
below with G = Gl where L = {¥^^f = 
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a + f3 = 1 in Fn, and the condition g G L is equivalent to g^ = 1 (mod 11). Here Gl is 
a minimal ESQ-subgroup if an only if g = 1 (mod 11). 

Suppose now that case (b) of Theorem 16 holds, and G is a non-abelian simple (ab- 
solutely) irreducible ESQ-subgroup of GL5(g) where q = p^ and char(Fg) = p. As G is 
non-abelian simple, we have G ^ SL5(g) and Gr\Z{SL^{q)) = 1. Thus G is isomorphic to 
an irreducible subgroup of PSL5(g). Consider first the case when p = 2. The irreducible 
subgroups of PSL5(2^) were classified by Wagner [Wag78]. As G is simple, it must be iso- 
morphic to one of the following groups: PSL2(11), PSL5(2^) where i\k, or PSU5(4^) where 
2i I k. Furthermore, each of these possibilities give irreducible subgroups of PSL5(2^). We 
shall use Lemma 15(a) to show that none of these possibilities give irreducible ESQ- 
subgroups of GL5(g). Since PSL5(2) ^ PSL5(2^) and PSL2(11) ^ PSU5(4^) for all £, 
minimality implies that G is an irreducible (and hence absolutely irreducible) group 
isomorphic to PSL2(11) or PSL5(2). The Atlas [WWT"'"08] lists (up to isomorphism) the 
irreducible 5-dimensional modules for PSL2(11) and PSL5(2) in characteristic 2. There are 
four: two for PSL2(11) over F4, and two for PSL5(2) over F2. Straightforward computation 
shows that the exterior square of each of these is irreducible. Thus no ESQ-groups arise 
when p = 2. 

Suppose now that p > 2. Here we use the classification of irreducible subgroups of 
PSL^Ip^) in [DMW79]. To prove that there are no non-abelian simple irreducible ESQ- 
subgroups of PSLsd?^) (really GL^{p^)), it will be convenient by Lemma 15(b) to choose 
q = p^ io be "sufficiently large." It follows from [DMW79] that G is isomorphic to one 
of the following: PSL5(/), V^\5^{p^'), P1^5(p'), P^5(3), PSL2(/), A, ^6, PSL2(11), A7, 
Mil. Each of these groups contains a subgroup isomorphic to the alternating group A4. 
Indeed, PSL2(p^) contains such a subgroup by [Hup67, Satz II. 8. 18], and we also have 

A5 ^ PSL2(11) ^ Mil, A5 ^ P^5(P) ^ PSL5(pO,P^5(p) ^ PSU5(/0,and A^ ^ Pfi5(3). 

As A4 is a subgroup of A5, the claim is valid. 

Next we show that A4 does not have a 5-dimensional faithful ESQ-module. Suppose that 
K is a faithful 5-dimensional A4-module over Fg. Suppose first that the characteristic of F^ 
is at least 5, and so the yl4-modules are completely reducible. If q is large enough, which 
we may assume by Lemma 15(b), then there are 4 pairwise non-isomorphic irreducible 
/l4-modules over Fg, three of which are 1-dimensional, and one is 3-dimensional. Since 
A4 is non-abelian, V decomposes as V = V3 + Vi + Vl where the subscript denotes the 
dimension. Thus h?V = A"^ [V^ + Vi + VO contains three 3-dimensional and a 1-dimensional 
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direct summand, and so it is not ESQ. If the characteristic of F^ is 3, then there are only 
two irreducible A4-niodules, one is l-dimensional, and the other is 3- dimensional. Thus 
we may argue the same way as above, except we must use composition factors instead of 
direct summands. D 

Next we determine the ESQ-subgroups in GL4(F) for fields F of characteristic different 
from 2. The characteristic 2 case would require additional considerations and it is not 
relevant to Theorem 1(d). Note that apart from char(F) 7^ 2 we allow F to be arbitrary, 
not necessarily a prime field, and it can also have characteristic zero. 

Let L = AGLi(5) be the group of linear functions of the 5-element field considered as 
a permutation group of degree 5. We have L = (a, b), where a = (0123 4), 6= (124 3), 
and \L\ = 20. Then L naturally embeds into GL5(F) for any field F. If the characteristic 
of F is different from 5, then the underlying module splits into a direct sum of submodules 

¥^ = V ® Vi, where V = {{xq, . . . , X4) \ xq -\ h 0:4 = 0} and Vi = {{x, . . . ,x) \x e¥}. 

The action of L on V is absolutely irreducible and it is the only faithful irreducible 
representation of L over F. In the following theorem L and V will denote what have just 
been defined. 

Theorem 19. Let W be a field of characteristic different from 2 and let K ^ GL4(F) he 
a finite irreducible ESQ-suhgroup. Then char(F) ^^, K is isomorphic to a subgroup of L 
and the action of K is isomorphic to the restriction of the action of L on V . Moreover, 
5 divides the order of K , and if ^ is a square in F then K = L. 

Proof. First recall [KL90, Prop. 5.5.10] that no finite non-abelian simple group has a 
non-trivial representation of degree two over a field of characteristic different from 2. 

Let M be a minimal normal subgroup of K. We first show that M is abelian. If not, 
then M is the direct product of pairwise isomorphic non-abelian simple groups. Let S 
be one of the simple factors. Applying Clifford's Theorem twice for S < M < K, and 
considering that S has no two-dimensional non-trivial representation, we conclude that S 
is irreducible. Let V = (F^)^. Since {A'^V)/U = V for some 2-dimensional S'-submodule 
U, the remark in the first paragraph in this proof gives that S acts trivially on U. 

Let V* denote the dual space of V. Let ip : Hom(V, V*) — )■ V ^ V he defined as 
follows. Let Xi, . . . ,X4 be a basis of V and let x^, . . . ,xl be the dual basis of V*. If 
/ G IIom(V, V"*) represented by the matrix (ajj) with respect to these bases, then let 
■?/'(/) be the element ^2- ■ aijXi Xj. It is easy to check that -^ is a linear isomorphism. 
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Now the group S acts on both spaces Hom(\/, V*) and V ^V: if g & S, then the matrix 
of /^ is g'^{aij)g. An easy calculation shows that the isomorphism ip is an isomorphism 
of S'-modules, and so the fixed points oiSinV^V correspond to intertwining operators 
between the S'-modules V and V*. Identify A'^V with {u^v — v^u\u,v&V) CV^V. 
As f/ is a 2-dimensional subspace of A'^V on which S acts trivially, the dimension of these 
intertwining operators is at least 2. The dimension of the space of these intertwining 
operators is equal to the dimension of the centralizer algebra of the S'-module V. On the 
other hand, by Schur's lemma, the centralizer algebra is a quadratic extension field E of 
¥q. Further, the S'-module V is also an ES'- module. This means that S can be viewed as 
a subgroup of GL2(E), which contradicts the first paragraph of the proof. 

So we have that M is an elementary abelian r-group for some prime r, which cannot 
be the characteristic of E. Take an extension field E D E containing primitive rth roots 
of unity and consider M ^ GL4(E), which, by Lemma 15(a,b), is an ESQ-group. Now E 
is a splitting field for M, so we can fix an eigenbasis Ci, 62, 63, 64 G E^ of M. 

Suppose that M contains an element without fixed points, i.e., an element g & M such 
that 1 is not an eigenvalue of g. Let the eigenvalues of ^f be Aj G E (1 ^ i ^ 4). Then the 
eigenvalues oi g A g are XjXk {1 ^ j < k ^ 4). By the ESQ property there is an injective 
map i \-T- P{i) = {j, k} such that Aj = AjA^. Since 1 is not among the eigenvalues of g, 
we see that i ^ -P(0- Up to renumbering the eigenvalues there are only two essentially 
different injective maps satisfying this property. So we arrive at two alternative systems 
of equations: 

Ai = A2A3, A2 = A3A4, A3 = A4A1, A4 = A1A2; (5) 

and 

Ai = A2A3, A2 = A1A4, A3 = A1A2, A4 = A1A3. 

It is easy to solve these systems of equations. In the first case we obtain 

Ai = e, A2 = e , A3 = e , A4 = e , 
where e^ = 1, and that implies r = 5. In the second case the solutions have the form 

Ai = e , A2 = e , A3 = e , A4 = e, 

where e^ = 1. However, non-trivial elements of M have prime order r, hence either 
Ai = e^ = 1 or A2 = e^ = 1, contrary to our assumption that 1 is not an eigenvalue of g. 
So the only possibility is that such an element has order 5 and its eigenvalues are all the 
four distinct primitive fifth roots of unity. 
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Next we consider the case when 1 is an eigenvalue of every element g G M. We are 
going to show that this is not possible. Since K is irreducible and M <l i^, we have 
{f G F"^ I V(? G M : vg = v} = 0. This implies that the trivial module is not a direct 
summand in the M- module F^, and so it cannot be a direct summand in E^. Hence 
{f G E^ I V^f G M : f (7 = f } = 0. Now for every fixed i (1 ^ ? ^ 4) the number of 
elements g & M with Cig = Cj equals \M\/r. If an element g E M has a fixed point in E^ 
(that is, 1 is an eigenvalue of g) then g must fix one of the basis vectors Cj. This shows, for 
r > 4, that the number of elements in M without eigenvalue 1 is at least |M|— 4|M|/r > 0, 
which is not the case now. Hence r = 2 or r = 3. If M were cyclic, then all non-trivial 
elements of M would have non-trivial eigenvalues, hence M is non-cyclic in our present 
case. Then M intersects SL4(F) non-trivially, so by the minimality of M we have that all 
matrices in M have determinant 1. 

Let r = 2. Let D denote the 8-element subgroup consisting of diagonal matrices (with 
respect to the basis 61,62,63,64) with diagonal entries ±1 and with determinant 1. We 
have M ^ D. By Lemma 15(c), M cannot contain — /. Now D has seven maximal 
subgroups, out of these three contain — / and the remaining four are the stabilizers of the 
four basis vectors 6j (1 ^ i ^ 4) in D. So there remains no possibility for M. 

Let r = 3, and denote by a; G E a primitive third root of unity. Let g E M ^ SL4(E) 
and suppose that g ^ 1. Then 1 is an eigenvalue of g. If the multiplicity of the eigenvalue 
1 is one, then, as det g = I, the eigenvalues of g are 1, u, u, u or 1, cu^, u^, uP'. In both cases 
1 is not an eigenvalue oi gAg contradicting the ESQ property. Hence for every 1 ^ g E M 
the multiplicity of the eigenvalue 1 is at least two, and then we infer that the eigenvalues 
of g are 1, l,u,u'^. Now M is a proper subgroup of the group of diagonal matrices with 
order 3^ and determinant 1, so it is generated by at most two elements. Since no basis 
vector can be fixed by both generators, each one of the basis vectors 61, 62, 63, 64 is fixed 
by one generator, and the eigenvalue for the other generator on the same eigenvector must 
be u or u'^. Then the product of the two generators does not have eigenvalue 1, contrary 
to our assumption. 

In summary, we have proved that r = 5 and there is a (7 G M which has a diag- 
onal matrix diag(e, e^, e^, e^) with respect to the basis 61,62,63,64 G E^ (where e G E 
is a fifth root of unity). Now g A g is diag(e, e^, e^, e^, 1, 1) with respect to the basis 
62 A 63, 63 A 64, 64 A 61, 61 A 62, 61 A 63, 62 A 64 of A^E''. Hence any isomorphism from the 
((7) -module E^ into A^E^ maps Ci to a multiple of 6^+1 A 6i+2 (where the indices are taken 
modulo 4). 
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Now take an element h G CK{g) ^ GL4(E). Since the eigenvalues of g are distinct, h 
is also diagonal with respect to the basis 61,62,63,64, say, h = diag(Ai, A2, A3, A4). The 
matrix oi hAh restricted to (62 A 63, 63 A 64, 64 A 61, 61 A 62) is diag(A2A3, A3A4, A4A1, A1A2). 
From the ESQ property it follows that the eigenvalues of h satisfy the same system of 
equations (5) as above, therefore /i is a power of g. Thus we have shown that (g) is a 
self-centralizing subgroup of K. In particular, we obtain that M = (g) is cyclic of order 5. 

Since M <\ K and M is self-centralizing, K is isomorphic to a subgroup in the 
holomorph of M, which is L. Since the characteristic polynomial of any element g 
generating M is x^ + x^ + x^ + x + 1, M ^ GL4(F) is unique up to conjugacy. Hence K 
can be embedded into a subgroup of GL4(F) that is isomorphic to L. 

There are three subgroups of L containing M; namely, M, a dihedral group of order 10, 
and L. If 5 has a square root in F, then the dimensions of the irreducible representations of 
the dihedral group D^ are at most two, hence proper subgroups of L cannot act irreducibly 
on F^ in this case. D 

Theorem 1(d) is an immediate consequence of the following results. 
Theorem 20. Let p be an odd prime, and let {xi,X2,X3,X4} be a generating set for Hp^^. 

(a) There is no 4-generator UCS 5-group with exponent 5^. 

(b) If p = ±1 (mod 5), then there is a unique isomorphism class of 4- generator UCS 
p-groups with exponent p"^ , namely, 

Gi = i7p,4/(x?[Xi,X3][x4,Xi][x2,X3]^[x4,X2]^[x4,X3]^ 
X^[X2, Xi] [X3, Xi]^[x4, Xi]^[x3, X2] [xs, X^]^ , 
Xf [X2, Xi]^[xi, X4]^[X2, X3] [X2, X4]^[X3, X4] , 
X^[Xi, X2]^[xi, X3]2[Xi, X4][X3, X2]^[x4, X2], 
[Xi, X2] [Xi, X4][X3, X4], [Xi, X3] [X2, X3][X2, X4]). 

(c) If p = ±2 (mod 5), then there are two isomorphism classes of 4- generator UCS 
p-groups with exponent p^ , namely, Gi as in case (b) and another group G2- 

Moreover, |Aut(G'i)^| = 20 and |Aut(G'2)^| = 5. 

Proof. Let G be a 4-generator UCS group of exponent p'^, where p is an odd prime. Let 
K denote Aut(G')'^ ^ GL4{p). By Theorem 7, K is an irreducible ESQ-group. Using 
Theorem 19 we immediately see that there are no UCS groups of exponent 5^ with four 
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generators. Let us use the notation introduced before Theorem 19. In particular, let 
L denote the group AGLi(5) acting on a 4-dimensional vector space V . By quadratic 
reciprocity, the number 5 is a square in the p-element field if and only if p = ±1 (mod 5). 
For these primes we have K = L, for primes with p = ±2 (mod 5) we can conclude that 
K ^ L with 5 dividing the order of K. 

First assume that K = L. Since L has up to equivalence a unique faithful irreducible 
4-dimensional representation, we can choose a generating set Xi,X2,X3,X4, oi H = H, 
such that the matrices of generators of L acting on H will be 



p,4 



/ 1 \ 

10 

1 

V-1 -1 -1 -1/ 



/O 1 o\ 

1 

10 

\0 1 0/ 



Choosing the basis [xi,X2], [xi,X3], [xi,X4], [x2,a;3], [x2,a:4], [a:3,a;4] in H' the action of a 
and h on H' is described by the matrices 
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Using the transition matrix 
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of determinant 25 7^ we obtain 
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Let W denote the subspace generated by the first four rows of t, and U the subspace 
generated by the last two rows. Then H' = W (BU, furthermore V and W are isomorphic 
L-modules via the isomorphism mapping Xi to the ith row of t for i = 1,2, 3, 4. Since V 
is an absolutely irreducible L-module, the isomorphism between V and W is determined 
up to a scalar factor. By Theorem 6(iii) G = H/N for some /('-invariant normal subgroup 
A^ such that N ^ ^(H), Rp f] N = 1 and ^ and H'/{N fl H') are equivalent K- 
modules. Therefore, there are exactly p — 1 suitable normal subgroups A^, but they 
can be mapped to one another using automorphisms of H sending each Xi to xf for some 
fixed k = 1, . . . ,p — 1. Hence there is a unique isomorphism class of those 4-generator 
UCS groups G of exponent p^ where the automorphism group of G induces L on G. Using 
the matrices above it is straightforward to write down the defining relations of this group. 
(In Theorem 20 we avoided inverses by reversing some commutators.) 

Now consider the case, when K is a proper subgroup of L. This can happen only if 
p = ±2 (mod 5). For these primes the five-element cyclic group is an irreducible subgroup 
in GL4(p). Let E = GF(p^) and e E E a, primitive fifth root of unity. Up to conjugation 
H = Hp4 has a unique automorphism a of order 5. Let M = (a) and let W = [H', M]. 
Then the 6-dimensional space H' decomposes as a direct sum H' = W(BCh'{M). The M- 
modules H, H^, and W are isomorphic, and they can be identified with the additive group 
of E so that the action of a becomes the multiplication by e. Using this identification every 
M-invariant normal subgroup N <\ H such that H/N is an UCS group with exponent p^ 
has the form 

N^ = {{^,wd) e HP ®W \^ e E} ®Ch'{M), 

for w G W^\{0}. Let 7 be a generator of the multiplicative group of E. The multiplication 
by 7 commutes with the multiplication by e, hence W and Ch'{M) are invariant under 
the action of any automorphism of H that corresponds to the multiplication by 7 on H. 
The eigenvalues of the GF(p)-linear transformation determined by the multiplication by 7 
on H = E are '~f,'j^,'jp' ,7^ , and hence its eigenvalues on H' are 7^'+^^ for ^ i < j ^ 3. 
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Now 7^+P has degree 4 over GF(p), so we infer that the eigenvalues on W are 7(^+p)p' for 
i = 0,1,2,3. li p = 2 (mod 5) then let k = {1 + p)p, while ii p = 3 (mod 5) then let 
/c = (1 +p)p'^. In both cases we have k = 1 (mod 5). Now the multiplication by 7^ on E 
has the same eigenvalues as the action of 7 on W, moreover, e^ = e, hence the action of 
7 on W^ is multiplication by 7^. Now 7" transforms A^^ to 

{(^7", w^7"'=) eHP®W\^eE}(B Ch'{M) 

= {(^7", (w7"('=-i)) ^7") eHP®W\'deE}®CH'{M) = Ar^^„(.-i). 

A simple calculation using Euclidean algorithm yields that gcd(/c — l,p*^ — 1) = 5. Hence 
Nw-^ and N^j^ determine isomorphic quotient groups H/Nyj^, H/N^^ provided Wi and W2 
lie in the same coset of the multiplicative group of E modulo the fifth powers. Field 
automorphisms of E normalize (7) , hence we can map A'^^, to 

{(^^ {w^Y) eH^®W\'deE}® Ch'{M) 

= {{r,wP€^) eHP(BW\^eE}(B Ch'{M) = N^v. 

Now it follows that for Gi = H/Ni the automorphism group induces L on Gi. Further- 
more, the other four cosets modulo the subgroup of fifth powers are permuted cyclically 
by the Frobenius automorphism, since p is a primitive root modulo 5. Hence for each 
w E E which is not a fifth power in E the quotient groups H/N^ are all isomorphic to 
each other, and this is the group G2 in Theorem 20(c). D 

It would be possible to write down explicit defining relations of G2 using a generator 
element of the multiplicative group of GF(p'^). However, we thought that a very com- 
plicated formula will not help the reader, so we were content with stating the existence 
of 6-2. 

In Theorem 16(a,c) subgroups of the affine general linear group AGLi(Frs) are candi- 
dates for minimal irreducible ESQ-groups. We shall clarify when these examples arise, 
and construct larger ESQ-groups. 

Let t be a power of a prime r. Identify the 1-dimensional affine semilinear group 
ArLi(Ft) with the cartesian product of sets 

ArLi(Fi) = Gal(Fi/F^) x F^^ x F^. 

Here Gal(Fi/Fr) denotes the group of field automorphisms of F^. Multiplication in 
ArLi(Fi) is defined by 

(CTI, Ai,/ii)(cr2, A2,/i2) = (criO-2, (AiCr2)A2, (/ilCr2)A2 +/i2) 
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where o"i, 0-2 G Gal(Ft/Fr), Ai, A2 G F^^ and /xi, /X2 G Ft. A 2-transitive action of ArLi(Ft) 
on Fj is given by 

a{a, A, /i) = {aa)\ + /i 
where a G F*, and (a, A,/i) G Gal(Ft/F^) x Ff x F* = ArLi(Fi). 

Theorem 21. Lei( t, q be powers of distinct primes. Let L ^¥^ , and suppose that q E L, 
and there exist distinct a,(3 ^ L such that a + (3 = 1. Define Gl to be the subgroup of 
ArLi(Ft) containing the elements (o", A,/i) such that fi E ¥t, X E L, and a induces the 
identity automorphism ¥^ /L — )> ¥^ /L. Then there exist \¥f : L\ pairwise non-isomorphic 
absolutely irreducible ESQ¥qGL-modules of dimension \L\. In particular, ArLi(Ft) is an 
absolutely irreducible ESQ-subgroup of GLt-i(¥g) ift>3 and gcd(t,q) = 1. 

Proof. Let V = (Fg)* be the permutation module for ArLi(E) where E := Ft has (prime) 
characteristic r. Let {ea)am be a basis for V indexed by a G E. The action of ArLi(E) 
on V is given by 

Caicr, A, /i) = e(^aa)X+ti (« G E). 

Our proof has two cases. Assume first that q = I (mod r). In this case the hypothesis 
q E L holds trivially, as 1 G L and g = 1 in E. We show later that the second case when 
g ^ 1 (mod r), reduces to this first case. 

Let T: E — ?> F^ denote the absolute trace function: T{a) = ^^ aa where a ranges over 
Gal(E/Fr). Let ( e¥'^ have order r, and define 

Since lEl^-*^ XlaeE C^*'"*'^"'^^'' = if /x 7^ z/, and 1 otherwise, we have 



aeE fj.eE \ aeE / 



Cu- 



Therefore {fa)am^ defines a new basis for V. The action of ArLi(E) on the new basis is 
monomial, and given by 

/«(a,A,/i) = r^«"'^)'"''V(a.)A-i. (6) 

Consider the normal subgroup A^ = {(1,1, /i) | /i G E} of Gl- By equation (6), 
/q,(1, 1, /i) = C~"^*^"^^/a- Thus each {fa) is an irreducible F^A^-module. The non-degeneracy 
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of the map E x E — )■ F^ : {a, f3) i— )■ T{af3) implies that there is an iV-module isomorphism 

{fa) = {ffs) if and only if a = /3. (7) 

Let X'L be a coset of L in E^, and set 

Wi\'L) = {f^\ae\'L)= J2(f-)- 

a£\'L 

It follows from equation (6) that W{\'L) is a G^-module. We shall show that it is 
irreducible. Set M = {(1, A, ;u) | A G L, /i G E}. Then M is a normal subgroup of Gl-, and 
by (7) the inertia subgroup of {fy) in M is N . Hence by Clifford's theorem, the induced 
module Indjlf ((/a')) = W{\'L) is M-irreducible, and a fortiori Gi-irreducible. 

There are two decompositions of V: 

V = Y.{fa) and K=(/o)© Y. Wi>^'L)- 

aGE A'LeEx/L 

The first is as a direct sum of irreducible FgA^-modules, and the second, a direct sum of 
irreducible EgG^-modules. If a', /?' G A'L, then by equation (6) 

Hence if a' ^ /?', then (/„/ A fp.) = {fa'+n') as F^A^-modules by (6). Thus W{\'L) is an 
ESQ-module if and only if a' + /?' G X'L for distinct a' , (3' G \' L. Equivalently, a + /3 = 1 
where a = a'/{a' + /3') and /3 = /3'/{a' + /3') in L are distinct. Clearly W{X'L) = W{X"L) 
as AT-modules if and only if X'L = X"L. Therefore W{X'L) ^ W{X"L) as Gi-modules if 
and only if X'L = X"L. In summary, the W{X'L) provide |E^ : L\ pairwise non-isomorphic 
absolutely irreducible ESQ EgG^^-modules of dimension \L\. 

Suppose now that q ^ 1 (mod r), and q & L holds. We temporarily enlarge the field 
of scalars from F^ to the finite field Fg((^), where C has order r. View W{X'L) as an 
absolutely irreducible ESQ ¥q[C,)GL-m.o({v\e. We shall show that there exists an FgC^,- 
module U{X'L) which satisfies W{X'L) = U{X'L)^v^¥g{C). It then follows that the U{X'L) 
are pairwise non-isomorphic absolutely irreducible ESQ F^G/^-modules of dimension \L\. 
By a theorem of Brauer (see [HB82, Theorem VII. 1.17] and [GH97]), the module U{X'L) 
exists if and only if the character x of W{X'L) has values in F^. We shall show that 
x{cr, A, /i) G ¥q for all (a. A, fi) G Gl by showing x(o", A, fi)"^ = x((T, A, /i). By equation (6) 



{aeX'L I (ao-)A-i=a} {aeA'L | {aa)a-'^=\} 
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However, {a G \'L \ {aa)a^^ = A} = {aq G \'L \ {{aq)a){aq)^^ = A} as g G L is fixed 
by a. Therefore x(o", A, /i) = x{(^, ^, I^Y as desired. 

If L = E^, then Gl = ArLi(E). Moreover, g G E^ holds as t, q are powers of distinct 
primes. If t > r, then take a to be an element of E^ not in F^, and so that /3 = 1 — a 
satisfies a + /3 = 1 and a ^ (5. If t = r, then take a = 2 and /? = —1. Clearly a + (5 = 1 
and a ^ (5 provided r > 3. This proves that ArLi(E) is an absolutely irreducible ESQ- 
subgroup of GLt_i(Fg) if t > 3 and gcd(t, g) = 1. D 

We next prove Theorem 1(e). 

Proof of Theorem 1(e). Consider parts (i) and (iii). Let p be an odd prime, and let g = p''. 
Let V = (Fg)^ be the natural S03(g)-module. Choose a basis Xi,X2,a;3 for V, and the 
basis X2 Ax3,X3 Axi,a;i Aa;2 for A'^V. The matrix oi g Ag is det{g){g'^)'^. As det(5') = 1 
and g^g = I, it follows that g Ag = g and so V is an irreducible ESQ S03(g)-module. By 
Theorem 7(b) there exists an exponent-p^ UCS p-group of order g^. This proves part (i). 
Similarly, by the last sentence of Theorem 21, ArLi(8) is an absolutely irreducible ESQ- 
subgroup of GLi{¥q) for odd g. Part (iii) now follows by Theorem 7(b). 

Consider part (ii). Parts (a) and (b) of Theorem 7 are true with k = 1. Thus if G is 
an exponent-j9^ UCS-group of order p^^, then Aut(G)'-^ is an irreducible ESQ-subgroup of 
GL5(j9). It follows from Theorem 18 (with q = p) that p^ = 1 (mod 11). (Additionally, 
|Aut(G)*^| is divisible by 11.) Conversely, if p^ = 1 (mod 11), or more generally if g = p^ 
satisfies g^ = 1 (mod 11), then there exists an exponent-p^ UCS-group of order g^° by 
Theorems 18 and 7. This proves part (ii). D 

Note that g^^ = (g^)^ and so by Theorem 1(e) (i) there exist UCS-groups of order g^^ 
and exponent p^ for all powers g of an odd prime p. 
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